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We construct the Lagrangian of the N = 1 four-dimensional generalized supersymmetric
Nambu−Jona-Lasinio ( SNJL ) model, which has N = 1/2 supersymmetry ( SUSY ) on
non(anti)commutative superspace. A special attention is paid to the examination on the nonpertur-
bative quantum dynamics: The phenomenon of dynamical-symmetry-breaking/mass-generation on
the deformed superspace is investigated. The model Lagrangian and the method of SUSY auxiliary
fields of composites are examined in terms of component fields. We derive the effective action, ex-
amine it, and solve the gap equation for self-consistent mass parameters. ( Keywords: Superspaces,
Non-Commutative Geometry, Supersymmetric Effective Theories. )
PACS numbers: 11.10.Nx, 11.10.Lm, 11.25.-w, 11.30.Pb, 11.30.Qc
I. INTRODUCTION
Field theories on noncommutative spacetime defined by the Heisenberg algebra [xµ, xν ] = iΘµν 6= 0 have various
interesting properties [1,2], and considered that they might capture important aspects of quantum gravity. Recently,
it was shown that, low-energy effective descriptions of four-dimensional superstrings in the self-dual graviphoton
background fields Fαβ ( with setting anti-self-dual part F α˙β˙ = 0 ) give the deformations of superspaces [3,4] ( in a
ten-dimensional case, see Ref. [5,6] ) as N = 1→ N = 1/2, with giving
{θα, θβ} = 2α′Fαβ. (1)
Here, α′ is the inverse of a string tension. Motivated by these examinations, various physical and mathematical
aspects of the deformation of superspace obtained much attentions [7-22]. Under this context, supersymmetric (
SUSY ) Euclidean field theories on non(anti)commutative superspace were first considered in Ref. [7]. The N = 1/2
deformed Wess-Zumino ( WZ ) model [7,11,12,21] and deformed SUSY gauge models with(out) matter [7,10,13,14]
were examined by several works, and the preservation of the locality, Lorentz symmetry and the renormalizabilities of
all orders in perturbative expansions in these models were proved [13]. It was also shown in Refs. [11,12] that the chiral
superpotential of the WZ model obtains quantum radiative corrections while the antichiral superpotential part of it
obeys the nonrenormalization theorem by the perturbative analyses. By the quantum dynamics of itself, the WZ model
gets a term which is not included in the classical deformed action of it [11,12,21]. The methods to construct generic
sigma models both on N = 1 four-dimensional and N = 2 two-dimensional deformed superspaces were proposed,
and the component field expressions for them were derived [15-19]. Until now, various examinations were performed
under the classical or perturbative quantum levels. Hence, it is interesting for us to examine nonperturbative effects
of quantum dynamics of a model on a deformed superspace.
In this paper, we investigate a nonperturbative quantum dynamics in a SUSY model on the N = 1/2 four-
dimensional non(anti)commutative superspace. Of particular interest in here is the phenomenon of dynamical sym-
metry breaking of the mass generation of the BCS-NJL mechanism ( Bardeen, Cooper, Schrieffer, Nambu and Jona-
Lasinio ) [23,24,25]. Until now, there is no attempt for an investigation of the nonperturbative dynamical mass
generation in literature. We introduce an N = 1 four-dimensional supersymmetric Nambu−Jona-Lasinio ( SNJL
) model [26-31], regarded as the simplest example which might realize the dynamical symmetry-breaking/mass-
generation, and examine the characteristic aspects of the model on the deformed superspace. The nonrenormalization
theorem in the N = 1 case forbids the dynamical break down of chiral symmetry by the mass generation, while
it can take place when N = 1 SUSY is completely broken by introducing a non-holomorphic soft-SUSY-breaking
mass [26-31]. Because the nonrenormalization theorem is partly broken in the N = 1/2 superspace, it is interesting
for us whether the SNJL model gets a dynamical mass radiatively or not. In Sec. II, we summarize the definitions and
algebraic properties of the deformed superspace. The SNJL model in the deformed superspace will be examined in
detail in Sec.III. The method of SUSY auxiliary fields of composites on the deformed superspace is investigated. The
one-loop effective action in the leading order of the large-N expansion will be evaluated by the superspace formalism,
and the gap equation for a self-consistent mass will be derived and solved. The comments on further investigations
for our method are given in Sec. IV.
2II. SUPERFIELDS ON NON(ANTI)COMMUTATIVE SUPERSPACE
First, we summarize several algebraic definitions of N = 1/2 four-dimensional non(anti)commutative superspace
for the preparation of our calculations given later. The notations and spinor conventions follow both Ref. [7] and
the textbook of Wess and Bagger [32]. The (anti)commutation relations for bosonic coordinates xµ and fermionic
coordinates θα, θ¯α˙ ( α, α˙ = 1, 2 ) are required to satisfy the following relations:
{θα, θβ} ≡ Cαβ = Cβα 6= 0, (2)
{θ¯α˙, θ¯β˙} = {θ¯α˙, θα} = [θ¯α˙, xµ] = 0. (3)
Cαβ are the deformation parameters of superspace. Hence (θα)∗ 6= θ¯α˙, they are independent with each other. At this
stage, the Lorentz symmetry SO(4) = SU(2)L × SU(2)R is explicitly broken to SU(2)R at Cαβ 6= 0. Due to this
fact, we have to work in the Euclidean spacetime R4, though the Lorentzian signature ηµν = diag(−1, 1, 1, 1) is used
throughout this paper. Any functions of θ have to be ordered, and we use Weyl ordering: (θαθβ)W ≡ 12 [θα, θβ ] =
− 12ǫαβθθ. For example, θθ is Weyl ordered. The anticommutator (2) of the Clifford algebra gives nontrivial results
compared with the ordinary N = 1 SUSY case. Clearly, the Hermiticity of a theory was lost, and the unitarity might
be violated in a field theory on non(anti)commutative superspace. Thus, a potential energy could become complex
and it would give an unstable vacuum of a theory. However, it was proved that the vacuum energy vanishes in the
deformed WZ model because the notion of anti-holomorphicity remains in the part of its antichiral superpotential,
and this fact makes its vacuum stable and vanishes the vacuum energy [11,12]. This situation might be true in a
model which has an antichiral superpotential. From these exotic characters, it is particularly interesting for us to
generalize several methods of quantum field theory to cases on the deformed superspace.
The chiral coordinates yµ are defined as
yµ ≡ xµ + iθασµαα˙θ¯α˙, (4)
while, the antichiral coordinates y¯µ are given as follows:
y¯µ ≡ yµ − 2iθασµαα˙θ¯α˙ = xµ − iθασµαα˙θ¯α˙. (5)
Several commutators are summarized below:
[yµ, yν ] = [yµ, y¯ν] = [yµ, θα] = [yµ, θ¯α˙] = 0, [y¯µ, y¯ν ] = 4θ¯θ¯Cµν ,
[xµ, θα] = iCαβσµβα˙θ¯
α˙, [xµ, xν ] = θ¯θ¯Cµν , Cµν ≡ Cαβǫβγ(σµν)γα = −Cνµ. (6)
These commutators make the structure of the deformed superspace more clearly. Due to the commutation relations
[yµ, yν ] = 0, the supercovariant derivatives can be chosen so as to satisfy the Leibniz rule, then it is possible for
us to define a chiral superfield on the deformed superspace [7]. As a consequence, the deformed superspace will
be parametrized by a set (y, θ, θ¯) as coordinates in the chiral basis. We have to keep this fact in mind to perform
any computations of quantities given by (anti)chiral superfields on the deformed superspace. The supercovariant
derivatives and the supercharges are defined by
Dα ≡ ∂
∂θα
+ 2iσµαα˙θ¯
α˙ ∂
∂yµ
, Dα˙ ≡ − ∂
∂θ¯α˙
, (7)
and
Qα ≡ ∂
∂θα
, Qα˙ ≡ −
∂
∂θ¯α˙
+ 2iθασµαα˙
∂
∂yµ
, (8)
respectively. Clearly, they satisfy
0 = {Dα, Dβ} = {Dα˙, Dβ˙} = {Dα, Qβ} = {Dα˙, Qβ} = {Dα, Qβ˙} = {Dα˙, Qβ˙} = {Qα, Qβ},
{Dα˙, Dα} = −2iσµαα˙
∂
∂yµ
, {Qα˙, Qα} = 2iσµαα˙
∂
∂yµ
, {Qα˙, Qβ˙} = −4Cαβσµαα˙σνββ˙
∂2
∂yµ∂yν
. (9)
Any products of Weyl-ordered functions of θ have to be Weyl re-ordered, and it is implemented by the star product:
f(y, θ) ⋆ g(y, θ) ≡ f(y, θ) exp
(
−C
αβ
2
←−
∂
∂θα
−→
∂
∂θβ
)
g(y, θ)
= f(y, θ)g(y, θ) + (−1)degf C
αβ
2
∂
∂θα
f(y, θ)
∂
∂θβ
g(y, θ)− detC ∂
∂θθ
f(y, θ)
∂
∂θθ
g(y, θ), (10)
3where,
∂
∂θθ
≡ ǫ
αβ
4
∂
∂θα
∂
∂θβ
= Q2, detC =
1
4
CµνCµν . (11)
The derivatives ∂
∂θα
should apply at fixed yµ. From the definitions given above, one finds
θα ⋆ θβ = − ǫ
αβ
2
θθ +
Cαβ
2
, θα ⋆ θθ = Cαβθβ , θθ ⋆ θ
α = −Cαβθβ,
θθ ⋆ θθ = − detC, θσµθ¯ ⋆ θσν θ¯ = −1
2
ηµνθθθ¯θ¯ − 1
2
Cµν θ¯θ¯. (12)
Because of the commutator [y¯µ, y¯ν ] = 4θ¯θ¯Cµν 6= 0, the definition of the star product (10) is applicable when f and g
are given as functions of only y, θ and θ¯. For a star product of f¯(y¯, θ¯) and g¯(y¯, θ¯), the following re-expression,
f¯(y¯, θ¯) ⋆ g¯(y¯, θ¯) = f¯(y¯, θ¯) exp
(
2θ¯θ¯Cµν
←−
∂
∂y¯µ
−→
∂
∂y¯ν
)
g¯(y¯, θ¯) (13)
is also useful.
Because Qα˙ have θ
α, they do not commute with the star product: Qα˙ are broken generators. In other words,
the ”translation” symmetry of ξ¯α˙-directions are explicitly broken, and we must choose the point of the direction for
constructing a field theory. On the other hand, Qα are not broken generators, hence the deformed superspace is called
as N = 1/2 superspace. The definition of a chiral superfield Φ is
Φ(y, θ) ≡ φ(y) +
√
2θψ(y) + θθF (y), Dα˙Φ = 0. (14)
Hence Φ(y, θ) has the Weyl-ordered form. An antichiral superfield Φ¯ is defined as follows:
Φ¯(y¯, θ¯) ≡ φ¯(y¯) +
√
2θ¯ψ¯(y¯) + θ¯θ¯F¯ (y¯), DαΦ¯ = 0. (15)
Because Φ¯(y¯, θ¯) includes y¯, it has to be Weyl ordered. It will be written in the chiral coordinates yµ under the
Weyl-ordered form as a function of θ:
Φ¯(y¯, θ¯) = Φ¯(y − 2iθσθ¯, θ¯) = φ¯(y) +
√
2θ¯ψ¯(y) + θ¯θ¯F¯ (y) +
√
2θ{iσµ∂µψ¯(y)θ¯θ¯ − i
√
2σµθ¯∂µφ¯(y)}+ θθθ¯θ¯φ¯(y). (16)
On the deformed superspace, Φ and Φ¯ are independent with each other: (Φ)† 6= Φ¯. From the preservation of chiralities
in both a chiral and an antichiral fields on non(anti)commutative superspace, we should utilize the chiral projectors
for a variation of (anti)chiral superfields, in perturbative and nonperturbative calculations, so forth, as same as the
ordinary N = 1 case.
A star product of (anti)chiral superfields is again a (anti)chiral superfield. For example,
Φ1(y, θ) ⋆ Φ2(y, θ) = Φ1(y, θ)Φ2(y, θ)− Cαβ(ψ1)α(y)(ψ2)β(y)− detCF1(y)F2(y)
+
√
2Cαβθβ [(ψ1)α(y)F2(y)− (ψ2)α(y)F1(y)], (17)
Φ¯1(y¯, θ¯) ⋆ Φ¯2(y¯, θ¯) = Φ¯1(y¯, θ¯)Φ¯2(y¯, θ¯) + 2θ¯θ¯C
µν ∂
∂y¯µ
Φ¯1(y¯, θ¯)
∂
∂y¯ν
Φ¯2(y¯, θ¯), (18)
Φ¯1(y¯, θ¯) ⋆ Φ2(y, θ) = Φ¯1(y − 2iθσθ¯, θ¯) ⋆ Φ2(y, θ) = Φ¯1(y − 2iθσθ¯, θ¯) exp
(
−C
αβ
2
←−
∂
∂θα
−→
∂
∂θβ
)
Φ2(y, θ). (19)
Any products of (anti)chiral superfields do not commute by the non(anti)commutativity, Φ1 ⋆ Φ2 6= Φ2 ⋆ Φ1, etc.,
there are ambiguities to construct a Lagrangian in terms of products of chiral superfields. In this paper, we will use
the symmetrized star products between (anti)chiral superfields themselves defined as follows [15,16]:
Φ1 ⋆ Φ2 ⋆ · · · ⋆ Φn|sym ≡ 1
n!
(Φ1 ⋆ Φ2 ⋆ · · · ⋆ Φn + permutations), (20)
Φ¯1 ⋆ Φ¯2 ⋆ · · · ⋆ Φ¯n|sym ≡ 1
n!
(Φ¯1 ⋆ Φ¯2 ⋆ · · · ⋆ Φ¯n + permutations), (21)
and then
Φ1 ⋆ · · · ⋆ Φi|sym ⋆ Φ¯i+1 ⋆ · · · ⋆ Φ¯n|sym ≡ 1
i!(n− i)! (Φ1 ⋆ · · · ⋆ Φi + permutations)
× ⋆ (Φ¯i+1 ⋆ · · · ⋆ Φ¯n + permutations). (22)
4These symmetrized products could be interpreted as a kind of ordering in terms of (anti)chiral superfields. There
are a few choices of symmetrization, namely, taking the symmetrization between a chiral and an antichiral parts of a
product or not, and in general the difference of choices gives different results of their component field expressions [16],
though at least in the model Lagrangian we will consider in this paper, there is only a difference of a numerical factor.
For example,
Φ1 ⋆ Φ2|sym ≡ 1
2
(Φ1 ⋆Φ2 +Φ2 ⋆ Φ1) = Φ1Φ2 − detC ∂
∂θθ
Φ1
∂
∂θθ
Φ2 = Φ1Φ2 − detC(Q2Φ1)(Q2Φ2), (23)
Φ¯1 ⋆ Φ¯2|sym ≡ 1
2
(Φ¯1 ⋆ Φ¯2 + Φ¯2 ⋆ Φ¯1) = Φ¯1Φ¯2. (24)
Hence, the deformation will modify an action functional of a theory through a product of chiral multiplets. There
is no contribution coming from the deformation in a symmetrized product of antichiral superfields, because Cµν =
−Cνµ. Fortunately, such Lorentz-symmetry breaking parameters are explicitly removed from a theory under the
symmetrization in the superfield level, and a theory includes the deformation parameters only in the Lorentz-scalar
form detC, in spite of the Lorentz-symmetry breaking relation defined in Eq. (2).
III. THE GENERALIZED SUPERSYMMETRIC NAMBU−JONA-LASINIO MODEL
A. Symmetries and Structure
We employ the following U(N)L × U(N)R-invariant Lagrangian of an N = 1 generalized SNJL model on the
four-dimensional deformed superspace:
L(C) ≡
[
K(Φ¯±,Φ±)
]
θθθ¯θ¯
= L0 + L(1)I (C) + L(2)I (C), (25)
L0 ≡
[
Φ¯+ ⋆ Φ+ + Φ¯− ⋆ Φ−
]
θθθ¯θ¯
=
[
Φ¯+Φ+ + Φ¯−Φ−
]
θθθ¯θ¯
, (26)
L(1)I (C) ≡
G1
N
[
Φ¯+ ⋆ Φ¯−|sym ⋆ Φ+ ⋆ Φ−|sym
]
θθθ¯θ¯
,
=
G1
N
[
Φ¯+Φ¯−
(
Φ+Φ− − detC(Q2Φ+)(Q2Φ−)
)]
θθθ¯θ¯
, (27)
L(2)I (C) ≡
G2
4N
[
(Φ¯+ ⋆ Φ¯+ + Φ¯− ⋆ Φ¯−) ⋆ (Φ+ ⋆ Φ+ +Φ− ⋆ Φ−)
]
θθθ¯θ¯
,
=
G2
4N
[
(Φ¯+Φ¯+ + Φ¯−Φ¯−)
{
Φ+Φ+ +Φ−Φ− − detC(Q2Φ+)2 − detC(Q2Φ−)2
}]
θθθ¯θ¯
. (28)
Here, K(Φ¯±,Φ±) is the Ka¨hler potential of our model, N is a number of flavor. G1 and G2 are coupling constants
( G1, G2 > 0 ) they have mass dimension [Mass]
−2, thus this model is nonrenormalizable under a power-counting
analysis in the N = 1 case. In the observation of the WZ model, the operators coming from the deformation carry mass
dimensions larger than four, though they obtain radiative corrections with divergences at most logarithmically [11,12].
This fact is one of the bases of the proof of renormalizability of the deformedWZ model. We consider that the character
of the divergent nature and non-renormalizability of the SNJL model is unchanged by the deformation. This model
has no superpotential at this stage, and by applying the method of SUSY auxiliary fields of composites, the model
will get (anti)holomorphic superpotentials. The parity symmetry of spatial inversion is maintained in the form of
the Lagrange function in the ordinary N = 1 case [30,31], and the deformation explicitly breaks the symmetry.
The global gauge symmetry of the theory is chosen as U(1), and Φ+ and Φ− are oppositely charged. According to
Eqs. (20) and (21), the symmetrization of products of (anti)chiral superfields themselves has been taken in the Ka¨hler
potential given above. In the ordinary N = 1 SUSY theory, L(1)I was prepared for the dynamical generation of a Dirac
mass, while L(2)I is suitable for obtaining left-handed and right-handed Majorana mass terms [30,31]. Historically,
the SNJL model was first introduced to investigate the phenomenon of dynamical chiral symmetry breaking in SUSY
field theory [26,27], and applied to the top quark condensation of electroweak symmetry breaking of the minimal
SUSY Standard Model [28]. An SU(Nc) SNJL model was used to describe phenomena of phase transitions in the
early universe [29]. Investigations on dynamical chiral symmetry breaking and (color)superconductivity of SUSY
condensed matter systems were done by (25) at the case of the ordinary N = 1 superspace with a SUSY-breaking
mass [30,31].
5Our model has following (pseudo)symmetries. The global flavor symmetry SU(N)L × SU(N)R will be introduced
in the theory by the following definitions:
Φ+ → e−iΓ+Φ+, Φ¯+ → Φ¯+eiΓ+ , Φ− → e−iΓ−Φ+, Φ¯− → Φ¯−eiΓ− , Γ± ≡
N2−1∑
I=1
ΓI±TI , (29)
where, Φ+ ( Φ− ) belongs to the (anti)fundamental representationN ( N¯ ) of SU(N), and all of Γ
I
± are real c-numbers.
Thus, the normalization factor T (f) and the second-order Casimir invariant C(f) of the Hermitian generators TI of
SU(N) ( I = 1, · · · , N2 − 1 ) satisfy
trTITJ = T (f)δIJ =
1
2
δIJ , C(f)δij =
N2−1∑
I=1
(TITI)ij =
N2 − 1
2N
δij , T (f) =
N
N2 − 1C(f). (30)
It should be mention that, (e−iΓ±Φ±)
† 6= Φ¯±eiΓ± in general. If the symmetry of the unitary group are gauged,
the discussion becomes more involved because of the deformation. Since the BCS-NJL mechanism breaks a global
symmetry, the definitions of symmetries we concern here are enough for our purpose. The Lagrangian has the following
global Abelian symmetries:
U(1)V : Φ+ → eiαvΦ+, Φ− → e−iαvΦ−, Φ¯+ → e−iαv Φ¯+, Φ¯− → eiαv Φ¯−, (31)
U(1)A : Φ+ → eiαaΦ+, Φ− → eiαaΦ−, Φ¯+ → e−iαaΦ¯+, Φ¯− → e−iαaΦ¯−, (32)
where, αv and αa are real. On the other hand, the R-symmetry,
U(1)R : θ → eiαrθ, θ¯ → e−iαr θ¯, φ± → e2inαrφ±, ψ± → e2i(n− 12 )αrψ±, F± → e2i(n−1)αrF±, (33)
was broken by the deformation. The deformation parameters Cαβ carry a non-vanishing U(1)R-charge:
Cαβ → e2iαrCαβ . (34)
In fact, Cαβ act as R-symmetry-breaking parameters.
Next, we examine the component field expression of the Lagrangian (25). In Refs. [15,16], component field expres-
sions for N = 1/2 generic chiral sigma models on the deformed superspace were obtained: It is given by a sum of an
undeformed part and a deformed part, and the latter is given as an infinite-order power series of detC with including
infinite-order partial derivatives of a Ka¨hler potential taken with respect to scalar fields. We follow the results of
Ref. [16], and add the following extra terms of the first-order in detC to the undeformed model:
Ldef (C) ≡ − detC
∑
i,j=±
FiFj
{∑
k=±
1
2!
∂3K(φ¯±, φ±)
∂φi∂φj∂φ¯k
φ¯k +
∑
k,l=±
1
2!
∂4K(φ¯±, φ±)
∂φi∂φj∂φ¯k∂φ¯l
∂µφ¯k∂
µφ¯l
}
. (35)
In our case, the deformed part of the Lagrangian is given as a function of metrics, connections and curvature tensors
of the Ka¨hler manifold. With the well-known procedure of the theory of Ka¨hler manifold, the undeformed part of the
Lagrangian (25), L(C = 0), will be obtained as follows:
L(C) = L(C = 0) + Ldef (C), (36)
L(C = 0) =
∑
i,j=±
gij∗
(
F¯jFi − ∂µφ¯j∂µφi − iψ¯j σ¯µ∂µψi
)
+
∑
i,j,k=±
[
gij∗,k∗(−1
2
Fiψ¯jψ¯k) + gij∗,k(−1
2
F¯jψiψk)
]
+
∑
i,j,k=±
gij∗,k(−iψ¯j σ¯µψk∂µφi) +
∑
i,j,k,l=±
gij∗,kl∗
1
4
(ψiψkψ¯jψ¯l). (37)
The Ka¨hler metric of our model is given in the following matrix form:
gˆ ≡
(
g++∗ g−+∗
g+−∗ g−−∗
)
=
(
1 + G1
N
φ¯−φ− +
G2
N
φ¯+φ+,
G1
N
φ¯−φ+ +
G2
N
φ¯+φ−
G1
N
φ¯+φ− +
G2
N
φ¯−φ+, 1 +
G1
N
φ¯+φ+ +
G2
N
φ¯−φ−,
)
, (38)
and the notations of the definitions gij∗,k = ∂gij∗/∂φk, etc., have been used in Eq. (37). In the Ka¨hler metric given
above, the Hermiticity may be lost, (gˆ)† 6= gˆ because (φ±)† 6= φ¯± in general. Obviously, the deformed Lagrangian
(25) still has the invariance under the Ka¨hler transformation:
K(Φ¯±,Φ±) → K(Φ¯±,Φ±) + F(Φ±) + F¯(Φ±), (39)
6where, F ( F¯ ) is an arbitrarily function of Φ± ( Φ¯± ). Now, the Euler equations for the auxiliary fields are found to
be
0 =
∂L(C)
∂Fi
=
∑
j=±
[
gij∗ F¯j − 1
2
∑
k=±
gij∗,k∗ ψ¯jψ¯k − 2 detCFj
(∑
k=±
1
2!
gjk∗,iφ¯k +
∑
k,l=±
1
2!
gjk∗,il∗∂µφ¯k∂
µφ¯l
)]
, (40)
0 =
∂L(C)
∂F¯i
=
∑
j=±
[
gji∗Fj − 1
2
∑
k=±
gji∗,k∗ψjψk
]
, (41)
( i = ± ). From these results, one finds(
F+
F−
)
=
1
2
gˆ−1
∑
k=±
∂gˆ
∂φ¯k
(
ψ+ψk
ψ−ψk
)
, (42)
(
F¯+
F¯−
)
=
1
2
(gˆT )−1
∑
k=±
∂gˆT
∂φ¯k
(
ψ¯+ψ¯k
ψ¯−ψ¯k
)
+ (gˆT )−1 detC
[∑
k=±
(
g+k∗,+ g−k∗,+
g+k∗,− g−k∗,−
)
φ¯k
+
∑
k,l=±
(
g+k∗,+l∗ g−k∗,+l∗
g+k∗,−l∗ g−k∗,−l∗
)
∂µφ¯k∂
µφ¯l
]
1
2
gˆ−1
∑
k=±
∂gˆ
∂φ¯k
(
ψ+ψk
ψ−ψk
)
. (43)
We find that the auxiliary fields F±, F¯± will be completely eliminated through these Euler equations in our model
without any ambiguities. It is found that detC enters into four-fermion interaction terms under quite unusual forms
through the elimination of all the auxiliary fields F± and F¯±. Thus, the quantum dynamics of the N = 1/2 deformed
SNJL model might not resemble to the ordinary case, though it is difficult for us to estimate the strength of the
interaction coming from the deformation in the form obtained above.
B. SUSY Auxiliary Fields of Composites
In this subsection, we examine the method of SUSY auxiliary fields of composites on the deformed superspace. In
the Lagrangian given in the previous subsection, we have chosen the form of the Ka¨hler potential suitable to generate
holomorphic and antiholomorphic superpotentials of SUSY composites. Our model Lagrangian (25) will be rewritten
in the following form through the method of SUSY auxiliary fields [27-31]:
L(C) = L0 + LH + L1(C) + L1¯ + L2(C) + L2¯, (44)
where,
L0 ≡
[
Φ¯+ ⋆ Φ+ + Φ¯− ⋆ Φ−
]
θθθ¯θ¯
, LH ≡
[ N
G1
H¯1 ⋆ H1 +
4N
G2
H¯2 ⋆ H2
]
θθθ¯θ¯
,
L1(C) ≡
[
S1 ⋆
( N
G1
H1 − Φ+ ⋆ Φ−
)|sym]
θθ
, L1¯ ≡
[
S¯1 ⋆
( N
G1
H¯1 − Φ¯+ ⋆ Φ¯−
)|sym]
θ¯θ¯
,
L2(C) ≡
[
S2 ⋆
(4N
G2
H2 − Φ+ ⋆ Φ+ − Φ− ⋆ Φ−
)|sym]
θθ
, L2¯ ≡
[
S¯2 ⋆
(4N
G2
H¯2 − Φ¯+ ⋆ Φ¯+ − Φ¯− ⋆ Φ¯−
)|sym]
θ¯θ¯
.(45)
Here, the method of SUSY auxiliary fields has been applied under taking the symmetrized star products. Only L1(C)
and L2(C) have contributions coming from the deformation. Our model has superpotentials with constraints: S1, S¯1,
S2 and S¯2 were introduced as Lagrange multiplier multiplets for the purpose to enforce
H1 =
G1
N
Φ+ ⋆ Φ−|sym, H¯1 = G1
N
Φ¯+ ⋆ Φ¯−|sym,
H2 =
G2
4N
(Φ+ ⋆ Φ+ +Φ− ⋆ Φ−), H¯2 =
G2
4N
(Φ¯+ ⋆ Φ¯+ + Φ¯− ⋆ Φ¯−). (46)
Hi and H¯i ( i = 1, 2 ) are regarded as SUSY composites. Because the Hermiticity was lost in our theory, (Si)
† 6= S¯i
and (Hi)
† 6= H¯i in general. Let us confirm the equivalence of Lagrange functions (25) and (44) under the symmetrized
star products. To convert the expression of the Lagrangian (44) in the point-product form, we take into account
Q2(Q2Φ±) = 0. Because detC(Q
2Si)(Q
2Hi) coming from Si ⋆ Hi|sym do not contribute to the component form of
7the holomorphic superpotential of the Lagrangian through θθ-integration, we drop these terms. After performing
integrations of θ by parts, L1(C), L1¯, L2(C) and L2¯ will be rewritten in the forms of ordinary point-products:
L1(C) =
[
N
G1
S1H1 − S1Φ+Φ− + detCS1(Q2Φ+)(Q2Φ−)
]
θθ
,
L2(C) =
[
4N
G2
S2H2 − S2(Φ+Φ+ +Φ−Φ−) + detCS2{(Q2Φ+)2 + (Q2Φ−)2}
]
θθ
,
L1¯ =
[
S¯1
( N
G1
H¯1 − Φ¯+Φ¯−
)]
θ¯θ¯
, L2¯ =
[
S¯2
(4N
G2
H¯2 − Φ¯+Φ¯+ − Φ¯−Φ¯−
)]
θ¯θ¯
. (47)
In this expression, it is clear for us that the constraints given in (46) are satisfied under taking the symmetrized star
products. After Si and S¯i were eliminated, (44) recovers (25). The component field expression of the Lagrangian (44)
is found to be:
L0 = F¯+F+ − ∂µφ¯+∂µφ+ − iψ¯+σ¯µ∂µψ+ + F¯−F− − ∂µφ¯−∂µφ− − iψ¯−σ¯µ∂µψ−, (48)
LH = N
G1
(
F¯H1FH1 − ∂µφ¯H1∂µφH1 − iψ¯H1 σ¯µ∂µψH1
)
+
4N
G2
(
F¯H2FH2 − ∂µφ¯H2∂µφH2 − iψ¯H2 σ¯µ∂µψH2
)
, (49)
L1(C) = N
G1
(
φS1FH1 + FS1φH1 − ψS1ψH1
)
−
(
FS1φ+φ− + φS1F+φ− + φS1φ+F− − φS1ψ+ψ− − φ+ψS1ψ− − φ−ψS1ψ+
)
+ detCFS1F+F−, (50)
L1¯ = (L1(C = 0))†, (51)
L2(C) = 4N
G2
(
φS2FH2 + FS2φH2 − ψS2ψH2
)
−
(
FS2(φ
2
+ + φ
2
−)
+φS2(2F+φ+ + 2F−φ− − ψ+ψ+ − ψ−ψ−)− 2ψS2(φ+ψ+ + φ−ψ−)
)
+ detCFS2(F
2
+ + F
2
−), (52)
L2¯ = (L2(C = 0))†. (53)
We observe L(C) = L(C = 0)+detC{FS1F+F−+FS2(F 2++F 2−)}, a sum of ordinary Lagrangian with deformed part,
the result of Ref. [16] holds in the case of the model with SUSY auxiliary fields of composites. If φS1 and φ¯S1 ( Dirac
mass ) or φS2 and φ¯S2 ( Majorana mass ) obtain finite VEVs, superfields Φ± and Φ¯± become massive. The Euler
equations for the auxiliary fields of chiral multiplets are found to be
0 =
∂L(C)
∂F+
= F¯+ − φS1φ− − 2φS2φ+ + detC(FS1F− + 2FS2F+), 0 =
∂L(C)
∂F¯+
= F+ − φ¯S1 φ¯− − 2φ¯S2 φ¯+,
0 =
∂L(C)
∂F−
= F¯− − φS1φ+ − 2φS2φ− + detC(FS1F+ + 2FS2F−), 0 =
∂L(C)
∂F¯−
= F− − φ¯S1 φ¯+ − 2φ¯S2 φ¯−,
0 =
∂L(C)
∂FS1
=
N
G1
φH1 − φ+φ− + detCF+F−, 0 =
∂L(C)
∂F¯S1
=
N
G1
φ¯H1 − φ¯+φ¯−,
0 =
∂L(C)
∂FS2
=
4N
G2
φH2 − φ2+ − φ2− + detC(F 2+ + F 2−), 0 =
∂L(C)
∂F¯S2
=
4N
G2
φ¯H2 − φ¯2+ − φ¯2−,
0 =
∂L(C)
∂FH1
=
N
G1
(F¯H1 + φS1), 0 =
∂L(C)
∂F¯H1
=
N
G1
(FH1 + φ¯S1),
0 =
∂L(C)
∂FH2
=
4N
G2
(F¯H2 + φS2), 0 =
∂L(C)
∂F¯H2
=
4N
G2
(FH2 + φ¯S2). (54)
Hence, F±, F¯±, FHi , and F¯Hi ( i = 1, 2 ) can be eliminated from L(C) in the component field form. After the
elimination of auxiliary fields through the Euler equations, one finds
φH1 =
G1
N
(
φ+φ− − detC(φ¯S1 φ¯− + 2φ¯S2 φ¯+)(φ¯S1 φ¯+ + 2φ¯S2 φ¯−)
)
, φ¯H1 =
G1
N
φ¯+φ¯−,
φH2 =
G2
4N
(
φ2+ + φ
2
− − detC
{
(φ¯S1 φ¯− + 2φ¯S2 φ¯+)
2 + (φ¯S1 φ¯+ + 2φ¯S2 φ¯−)
2
})
, φ¯H2 =
G2
4N
(φ¯2+ + φ¯
2
−). (55)
From these expressions, again we have found that the expressions of the constraints of SUSY composites given in
(46) are satisfied in terms of the scalar fields. The Lagrange multiplier multiplets Si and S¯i ( i = 1, 2 ) work well to
8keep the constraints of SUSY composites, and guarantee the equivalence of the Lagrange functions (25) and (44). It
should be remarked that, (φHi)
† 6= φ¯Hi ( i = 1, 2 ): The Hermiticity was explicitly lost in the component field level
of the SUSY composites at detC 6= 0. Now, we find the tree-level potential Vtree of this model (44):
Vtree ≡ − N
G1
(
F¯H1FH1 + φS1FH1 + φ¯S1F¯H1 + φH1FS1 + φ¯H1 F¯S1
)
−4N
G2
(
F¯H2FH2 + φS2FH2 + φ¯S2 F¯H2 + φH2FS2 + φ¯H2 F¯S2
)
. (56)
Thus, from
0 =
∂Vtree
∂φH1
= − N
G1
FS1 , 0 =
∂Vtree
∂φ¯H1
= − N
G1
F¯S1 , 0 =
∂Vtree
∂φH2
= −4N
G2
FS2 , 0 =
∂Vtree
∂φ¯H2
= −4N
G2
F¯S2 ,
0 =
∂Vtree
∂FS1
= − N
G1
φH1 , 0 =
∂Vtree
∂F¯S1
= − N
G1
φ¯H1 , 0 =
∂Vtree
∂FS2
= −4N
G2
φH2 , 0 =
∂Vtree
∂F¯S2
= −4N
G2
φ¯H2 , (57)
one finds that the global minimum of Vtree locates at FS1 = F¯S1 = FS2 = F¯S2 = 0. Through the Euler equations of
FH1 , F¯H1 , FH2 and F¯H2 given in (54), we find
Vtree = − N
G1
(φH1FS1 + φ¯H1 F¯S1 − φ¯S1φS1)−
4N
G2
(φH2FS2 + φ¯H2 F¯S2 − φ¯S2φS2) =
N
G1
φ¯S1φS1 +
4N
G2
φ¯S2φS2 . (58)
Here, we have used the conditions (57). Thus, from the Euler equations of φS1 , φ¯S1 , φS2 and φ¯S2 , one finds Vtree has
a global minimum at
φS1 = φ¯S1 = φS2 = φ¯S2 = 0. (59)
Obviously, the vacuum energy vanishes at the global minimum. It should be noticed that Vtree at the global minimum
is Hermite in spite of the non-Hermitian character of L(C). At the classical tree-level, the symmetries are not broken
spontaneously in our model. From the discussion given above, one recognizes that FS1 and F¯S1 may have a special
role to keep the symmetries of the theory unbroken. We will go beyond the classical tree-level analysis, examine what
kind of modifications will happen under the nonperturbatibe quantum dynamics in the SNJL model, and whether
there is a crucial change in the effective action for the investigation of the dynamical mass generation in the BCS-NJL
mechanism.
C. The One-loop Effective Action
In this subsection, we evaluate the effective action at one-loop level [33,34], derive and solve the gap equation for
the examination whether the dynamical mass generation takes place or not in the N = 1/2 SNJL model. There
are several methods for this purpose. For example, we can employ the method of SUSY auxiliary fields with the
steepest descent technique for a self-consistent evaluation of composite condensates with superfield or component
field formalisms of the Lagrangian. Another choice for us is the method of Schwinger-Dyson equation based on a
diagrammatic consideration under keeping star products or after converting them into ordinary point-products. For
introducing the method of Cornwall-Jackiw-Tomboulis effective action of composites [25], we have to extend it to the
N = 1/2 SUSY case, and it may have external bilocal sources in superspace as conjugates of composites with the
operations of star products, thus it will demand us to do a complicated work. We choose the method of effective
action of the Lagrangian with SUSY auxiliary fields in superspace, and perform the large-N expansion ( a kind of the
steepest descent technique ) in this subsection. It is clear from the Lagrangian (44), the contribution coming from the
loop-expansion ( except the tree level ) does not includes φHi , φ¯Hi , FHi and F¯Hi . After Φ± and Φ¯± were integrated
out, the contribution of loop-expansion to the effective action gives quantum corrections expressed as a function of
φSi , φ¯Si , FSi and F¯Si .
Hereafter, we consider the case G2 = 0. The effective action Γ of the theory is given by
Γ ≡ −i ln
∫
[dΦ+][dΦ¯+][dΦ−][dΦ¯−][dH1][dH¯1][dS1][dS¯1] exp
[
i
∫
d4yLT
]
, (60)
LT ≡ L(C) +
[
mΦ+ ⋆ Φ−|sym
]
θθ
+
[
m¯Φ¯+ ⋆ Φ¯−|sym
]
θ¯θ¯
= L(C) + [mΦ+Φ−]θθ + [m¯Φ¯+Φ¯−]θ¯θ¯. (61)
Here, L(C) takes the form of Eq. (44). We have introduced a holomorphic and an anti-holomorphic mass terms (
correspond to a Dirac mass term for fermions in the ordinary N = 1 SUSY case ) to make the effective action infrared
9well-defined [11,35]. In general, both m and m¯ are matrices in the flavor space. When the mass terms take diagonal
and flavor-independent forms in the flavor space, they break U(N)L × U(N)R into the diagonal subgroup U(N)L+R.
In the case of deformed superspace, we can take m† 6= m¯ in general. The result of component field expression of L(C)
given in (48)-(53) should be kept in our mind, and calculation will be performed in the similar way to the ordinary
N = 1 case [32,33,34]. All of symmetrized star products are reducible to ordinary point-products. First, we convert
all of the symmetrized star products in our Lagrangian to ordinary point products, and then put the model to the
formalism of effective action in superspace. When Φ± are chiral superfields, Q
2Φ± are also chiral superfields. Thus,
the Feynman rules of the deformed superspace are obtained exactly the same way with the ordinary case, if we treat
Q2Φ± as independent chiral superfields [11,12]. We can utilize this fact for the diagrammatic consideration for our
calculation. The evaluation of the effective action should be performed under the superfield formalism because we
consider a nonperturbative problem, and we have to sum up a subset of Feynman diagrams of the theory. In the case
we concern in this paper, it seems difficult ( or, hard ) to achieve this purpose under the component field formalism.
Now, we take a steepest descent approximation in the path integrations of the auxiliary fields H1, H¯1, S1 and S¯1
in (60), regard all of the SUSY auxiliary fields as classical constant c-numbers. We expand LT in terms of quantum
fluctuating fields Φ±, Φ¯± around the origin Φ± = Φ¯± = 0:
LT = LT [Φ± = Φ¯± = 0] + L(2) + · · · , (62)
L(2) ≡ 1
2
∫
d2θd2θ¯(Φ¯+, Φ¯−,Φ+,Φ−)M


Φ+
Φ−
Φ¯+
Φ¯−

 . (63)
The rules for functional derivatives of the variation of chiral and antichiral superfields
δΦ±(z
′)
δΦ±(z)
= −1
4
D
2
δ8(z − z′), δΦ¯±(z
′)
δΦ¯±(z)
= −1
4
D2δ8(z − z′) (64)
( z, z′ = (y, θ, θ¯) ) are still satisfied also in our case. Therefore,
M ≡

 −→δδΦ¯±LT [Φ±, Φ¯±] ←−δΦ± |Φ±=Φ¯±=0 −→δδΦ¯±LT [Φ±, Φ¯±] ←−δΦ¯± |Φ±=Φ¯±=0−→
δ
δΦ±
LT [Φ±, Φ¯±]
←−
δ
Φ±
|Φ±=Φ¯±=0
−→
δ
δΦ±
LT [Φ±, Φ¯±]
←−
δ
Φ¯±
|Φ±=Φ¯±=0


=
(
−D2D216 ⊗ σ0 (−D
2
4 )(m¯+ S¯1)⊗ σ1
(−D24 )
[
m+ S1 − detC(Q2S1)Q2
]⊗ σ1 −D2D216 ⊗ σ0
)
δ8(z − z′), (65)
where, we have used the equivalent relations δ2(θ¯) = −D2/4 and δ2(θ) = −D2/4 inside the integration of the
action functional. The relations D2D
2
D2 = 16D2, D
2
D2D
2
= 16D
2
were also used. If we consider the case
G2 6= 0 with G1 = 0, the off-diagonal part ofM will be replaced as −D2[m¯+ S¯1]⊗ σ1/4→ −D2[m¯⊗ σ1 + S¯2 ⊗ 1]/4
and −D2[m+S1−detC(Q2S1)Q2]⊗σ1/4→ −D2[m⊗σ1+(S2−detC(Q2S2)Q2)⊗1]/4. Except these replacements,
the formulae we will obtain hereafter are essentially the same for the G2 6= 0 case. The component field expressions
of the SUSY auxiliary fields are given by
S1 = φS1 + θ
2FS1 , S¯1 = φ¯S1 + θ¯
2F¯S1 . (66)
It should be noted that θ2 ( θ¯2 ) acts as a (anti)chiral superfield. After putting these expressions to (60) and performing
the Berezinian integration, one gets
Γ =
∫
d4yLT [Φ± = Φ¯± = 0] + Γ˜, (67)
Γ˜ ≡ −i ln
∫
[dΦ+][dΦ¯+][dΦ−][dΦ¯−] exp
[
i
∫
d4yL(2) + · · ·
]
=
i
2
lnDetM+ · · · . (68)
Hence, the effective action at the one-loop level is found to be
Γ = N
∫
d4y
[
1
G1
H¯1H1 +
1
G1
S1H1δ
2(θ¯) +
1
G1
S¯1H¯1δ
2(θ)
]
θθθ¯θ¯
+ lim
z′→z
i
2
N
∫
d8ztr(lnM)δ8(z − z′). (69)
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At S1 = S¯1 = 0, Γ˜ identically vanishes because it corresponds to a tadpole graph in the N = 1 case. The effect of
deformation contained in the operator [detC(Q2S1)]Q
2 has to act in the inside of loop integrals. The evaluation of Γ˜
is just to extract the D-term contribution after some manipulations of Qα, Dα and Dα˙. We use several identities in
the integrals of the loop expansion:
1
16
D2D
2
δ2(θ − θ′)δ2(θ¯ − θ¯′)|θ=θ′,θ¯=θ¯′ = 1, (70)
1
16
Q2D
2
δ2(θ − θ′)δ2(θ¯ − θ¯′)|θ=θ′,θ¯=θ¯′ = 1, (71)
Q2
1
16
D2D
2
δ2(θ − θ′)δ2(θ¯ − θ¯′)|θ=θ′,θ¯=θ¯′ = −4θ¯θ¯. (72)
M will be divided into the following form:
M ≡ M0 − Σ,
M0 ≡
(
D2D
2
16 0
0 D
2
D2
16
)
, M−10 =
1
2
(
D2D
2
16 0
0 D
2
D2
16
)
,
Σ ≡
(
0 −(−D24 )(m¯+ S¯1)⊗ σ1
−(−D24 )
[
m+ S1 − detC(Q2S1)Q2
]⊗ σ1 0
)
. (73)
Thus,
Γ˜ =
i
2
Tr
[
ln
(M0 − Σ)] = i
2
Tr lnM0 + i
2
Tr ln
(
1−M−10 Σ
)
=
i
2
Tr ln
(
1−M−10 Σ
)
. (74)
We have dropped i2Tr lnM0 because it does not contribute to the integral of Γ˜. Because the inverse matrix of chiral
projectors obeys the relationsM−10 M−10 = 1M−10 , [M−10 ,Σ] = 0, and all of the operators inM−10 and Σ are bosonic,
the expression given above will be converted as
Tr ln(1−M−10 Σ) = −Tr
{
M−10 Σ +
1
2
M−10 ΣM−10 Σ+
1
3
M−10 ΣM−10 ΣM−10 Σ+ · · ·
}
= Tr
[(
ln
[
1− Σ

])
M−10
]
.(75)
Therefore, one gets Γ˜ in the following form:
Γ˜ = lim
z′→z
i
2
Ntr
∫
d4yd2θd2θ¯ ln
[
1− 1

(m¯+ S¯1)
{
m+ S1 − detC(Q2S1)Q2
}]D2D2
16
δ8(z − z′)
= − i
2
Ntr
∫
d4yd2θd2θ¯
∫
d4p
(2π)4
1
p2
ln
(
1 +
1
p2
(m¯+ S¯1)
{
m+ S1 − detC(Q2S1)Q2
})D2D2
16
δ2(θ − θ′)δ2(θ¯ − θ¯′).
(76)
The effective potential is defined by
V ≡ − Γ∫
d4y
, V˜ ≡ − Γ˜∫
d4y
. (77)
It is a quite difficult ( hard ) problem to evaluate Γ˜ or V˜ exactly. Let us first consider the small deformation limit
| detC| → 0, and expand V˜ as a power series of detC:
V˜ =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
[
ln{p2 + (m¯+ S¯1)(m+ S1)}
−
∞∑
n=1
(detC)n
n
( (m¯+ S¯1)(Q2S1)
p2 + (m¯+ S¯1)(m+ S1)
Q2
)n]D2D2
16
δ2(θ − θ′)δ2(θ¯ − θ¯′)
= V˜ (detC = 0) + (detC)V˜ (1) + (detC)2V˜ (2) + · · · . (78)
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It is a kind of perturbative analysis on the effect of the interaction coming from the deformation. ( Note that it is
not a perturbative expansion in G1. ) The zero-th order in detC corresponds to the undeformed case [33,34]:
V˜ (detC = 0) =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
ln
(
1 +
1
p2
(m¯+ S¯1)(m+ S1)
)
= − N
16π2
[
{Λ2 + (m¯+ S¯1)(m+ S1)} ln{Λ2 + (m¯+ S¯1)(m+ S1)}
−(m¯+ S¯1)(m+ S1) ln(m¯+ S¯1)(m+ S1)
]
θθθ¯θ¯
, (79)
where, a Euclidean four-dimensional cutoff Λ2 was introduced for the regularization of the integral. This term is
proportional to F¯S1FS1 and it corresponds to a radiatively induced Ka¨hler potential for S1 and S¯1 which is not
included in the classical L(C) or the tree-level action Γ− Γ˜. In the expansion V˜ = V˜ (detC = 0) + (detC)V˜ (1) + · · ·
given above, only for the first term V˜ (detC = 0) we can utilize the method of Ka¨hler geometry to obtain the
component field expression of it. V˜ (1), the contribution for the first order in detC, is found to be
V˜ (1) =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
(m¯+ S¯1)(−1)(Q2S1)
p2 + (m¯+ S¯1)(m+ S1)
Q2
D2D
2
16
δ2(θ − θ′)δ2(θ¯ − θ¯′)
= − N
4π2
[
(m¯+ S¯1)
2(m+ S1)(Q
2S1)θ¯θ¯ ln
(
1 +
Λ2
(m¯+ S¯1)(m+ S1)
)]
θθθ¯θ¯
. (80)
This integral gives a term proportional to F 2S1 , a new term generated by the quantum radiative correction. In the case
of the WZ model, the one-loop correction of the first-order in detC gives the term [ΦQ2Φ]θθ proportional to F
2 [11,12].
The second-order corrections in our case seems to have a complicated structure if we convert it to the component field
expression, because there are insertions of the derivative operator Q2 between the functions of superfields S1 and S¯1.
However, because Q2Q2D2D
2
δ2(θ)δ2(θ¯) = 0, one finds
V˜ (2) =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
(m¯+ S¯1)(Q
2S1)
p2 + (m¯+ S¯1)(m+ S1)
Q2
(m¯+ S¯1)(Q
2S1)
p2 + (m¯+ S¯1)(m+ S1)
Q2
D2D
2
16
δ2(θ − θ′)δ2(θ¯ − θ¯′)
=
N
8π2
[ Λ4(m¯+ S¯1)2(Q2S1)3θ¯θ¯
(m+ S1){Λ2 + (m¯+ S¯1)(m+ S1)}2
]
θθθ¯θ¯
. (81)
This integral gives the term proportional to F 4S1 . We speculate these new exotic terms will arise infinitely, and V
takes a form which has several similar features with the component field expression of the classical-level of a generic
sigma model obtained by Rittov and Sannino [16]. By gathering the results of the analysis of power-series in detC,
the one-loop effective potential of the leading order of the large-N expansion is obtained in the following component
field form:
V
N
= − 1
G1
(
F¯H1FH1 + φS1FH1 + φ¯S1 F¯H1 + φH1FS1 + φ¯H1 F¯S1
)
+F¯S1FS1f
(0)(φS1 , φ¯S1) + (detC)F
2
S1
f (1)(φS1 , φ¯S1) + (detC)
2F 4S1f
(2)(φS1 , φ¯S1) + · · · , (82)
where, we have used the following functions for writing our formula compactly:
f (0)(φS1 , φ¯S1) ≡ −
1
16π2
[
ln
(
1 +
Λ2
(m¯+ φ¯S1)(m+ φS1)
)− Λ2
Λ2 + (m¯+ φ¯S1)(m+ φS1)
]
, (83)
f (1)(φS1 , φ¯S1) ≡ −
1
4π2
(m¯+ φ¯S1)
2
[
ln
(
1 +
Λ2
(m¯+ φ¯S1)(m+ φS1)
)− Λ2
Λ2 + (m¯+ φ¯S1)(m+ φS1)
]
, (84)
f (2)(φS1 , φ¯S1) ≡ −
1
8π2
(m¯+ φ¯S1
m+ φS1
)2Λ4[Λ2 + 3(m¯+ φ¯S1)(m+ φS1)]
[Λ2 + (m¯+ φ¯S1)(m+ φS1)]
3
. (85)
f (0)(φS1 , φ¯S1) is proportional to the Ka¨hler metric which can be obtained from the Ka¨hler potential given in the final
result of Eq. (79). f (0) and f (1) diverge logarithmically, while the function f (2) for the second-order contribution
V˜ (2) remains finite at Λ2 →∞: limΛ2→∞ f (2) = −(m¯+ φ¯S1)2/[8π2(m+ φS1)2]. We observe the operator Q2 acts on
G(p2), where,
G(p2) ≡ (m¯+ S¯1)(Q
2S1)
p2 + (m¯+ S¯1)(m+ S1)
, (86)
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in the expansion of V˜ , and this causes the modifications of the momentum dependence of G(p2), Q2G(p2),
Q2(Q2G(p2)), ..., as follows:
G(p2) ∼ O(p−2), Q2G(p2) ∼ O(p−4), Q2(Q2G(p2)) ∼ O(p−6), · · · . (87)
Therefore, the insertions of the operator Q2 in V˜ given in Eq. (78) always lower the orders of divergences. Hence,
the one-loop contribution at the large Λ2 region, namely Λ2 ≫ |(m¯+ φ¯S1)(m+ φS1)|, behaves as follows:
V˜ ∼ − 1
16π2
[
F¯S1FS1 + 4F
2
S1
detC(m¯+ φ¯S1)
2
]
ln
Λ2
(m¯+ φ¯S1)(m+ φS1)
. (88)
The divergent behavior of V˜ at Λ2 → ∞ is determined by the zeroth- and the first-order terms of detC, the con-
tributions higher than O(detC) become small, and the ultraviolet divergence of V˜ is exactly logarithmic. Again, as
same as the procedure performed in the previous subsection, we take variations with respect to the components of
the classical SUSY auxiliary fields for obtaining their Euler-Lagrange equations ( coupled nonlinear gap equations )
to determine the vacuum state:
0 =
1
N
∂V
∂FH1
= − 1
G1
(F¯H1 + φS1), 0 =
1
N
∂V
∂F¯H1
= − 1
G1
(FH1 + φ¯S1),
0 =
1
N
∂V
∂φH1
= − 1
G1
FS1 , 0 =
1
N
∂V
∂φ¯H1
= − 1
G1
F¯S1 ,
0 =
1
N
∂V
∂FS1
= − 1
G1
φH1 + F¯S1f
(0)(φS1 , φ¯S1) + 2(detC)FS1f
(1)(φS1 , φ¯S1) + 4(detC)
2F 3S1f
(2)(φS1 , φ¯S1) + · · · ,
0 =
1
N
∂V
∂F¯S1
= − 1
G1
φ¯H1 + FS1f
(0)(φS1 , φ¯S1) + · · · ,
0 =
1
N
∂V
∂φS1
= − 1
G1
FH1 + F¯S1FS1
∂
∂φS1
f (0)(φS1 , φ¯S1)
+(detC)F 2S1
∂
∂φS1
f (1)(φS1 , φ¯S1) + (detC)
2F 4S1
∂
∂φS1
f (2)(φS1 , φ¯S1) + · · · ,
0 =
1
N
∂V
∂φ¯S1
= − 1
G1
F¯H1 + F¯S1FS1
∂
∂φ¯S1
f (0)(φS1 , φ¯S1)
+(detC)F 2S1
∂
∂φ¯S1
f (1)(φS1 , φ¯S1) + (detC)
2F 4S1
∂
∂φ¯S1
f (2)(φS1 , φ¯S1) + · · · . (89)
Now we find that the VEV of FS1 ( F¯S1 ) is still zero because φH1 ( φ¯H1 ) only couples with FS1 ( F¯S1 ). Each terms in V
are given as factorized forms of products of powers of FS1 , F¯S1 and f
(n)(φS1 , φ¯S1) ( namely, like (detC)
lFmS1 F¯
n
S1
f (n,m),
l,m, n = 0, 1, 2, · · · ), thus the vacuum energy vanishes at the origin: The global minimum of Vtree is not changed.
From this fact, the composite field φS1 ( φ¯S1 ) cannot obtain a non-zero VEV. The expansion of V given in Eq. (82)
shows an asymmetric form in terms of the auxiliary fields FS1 and F¯S1 , and the coefficient functions f
(1) and f (2) are
also asymmetric with respect to φS1 and φ¯S1 , while f
(0) is symmetric. The quantum fluctuations ( massive ) of the
composite fields might be affected by the asymmetry of V because the curvature tensor ( corresponds to the mass
tensor of the collective fields ) of V at the global minimum might have a skew structure, while it is not clear whether
the effect of deformation enhances or reduces the amplitudes of fluctuations around the origin of V .
We believe that the analysis of power-series expansion in detC is useful for our qualitative understanding of V ,
though the convergence of the series might be questionable. To go beyond the analysis of the power-series expansion
of detC, we employ the following approximation to evaluate (76). The power series of detC of V˜ given in Eq. (78)
is written symbolically as
− tr
[
(detC)Q2G+
(detC)2
2
Q2GQ2G+ · · ·
]
, (90)
where, a cyclic permutation of Q2 inside the trace has been taken. Now, we employ the approximation where Q2
acts only the nearest neighbor G in the products Q2GQ2G · · ·Q2G. Therefore, each terms will be factorized as
Q2GQ2G · · ·Q2G → (Q2G)n, and then it becomes possible to sum up the infinite-order power series. ( If we take
into account all of possible operations of Q2 in Q2GQ2G · · ·Q2G, integer factors determined from the numbers of
possible insertions of Q2 should be multiplied to (detC)n(Q2G)n/n, and then it becomes impossible to sum up the
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power series (90) in the form of a logarithmic function given below, Eq. (91). ) By employing this approximation,
we obtain the following result:
V˜ =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
× ln
[
p2 + (m¯+ S¯1)(m+ S1) + detC
(m¯+ S¯1)
2(Q2S1)
2
[p2 + (m¯+ S¯1)(m+ S1)]2
]D2D2
16
δ2(θ − θ′)δ2(θ¯ − θ¯′). (91)
Here, detC enters into V˜ in the ”nonperturbative” way. At detC = 0, this result recovers V˜ (detC = 0) of Eq.
(79). This result of the one-loop effective potential shows a skew structure, i.e. the Hermiticity of V˜ was lost by the
deformation. The (anti)commutators presented in Sec. II guarantee that Qα˙ never appear in the theory, and thus
still N = 1/2 is maintained in the expression of the effective potential given above. If we neglect the p2-dependence
of the coefficient function of detC inside the argument of the log function, Eq.(91) is evaluated into the following
compact form:
V˜ =
i
2
Ntr
∫
d2θd2θ¯
∫
d4p
(2π)4
1
p2
ln
[
p2 + (m¯+ S¯1)(m+ S1) + detC
(Q2S1)
2
(m+ S1)2
]
= − N
16π2
[{
Λ2 + (m¯+ S¯1)(m+ S1) + detC
(Q2S1)
2
(m+ S1)2
}
ln
{
Λ2 + (m¯+ S¯1)(m+ S1) + detC
(Q2S1)
2
(m+ S1)2
}
−
{
(m¯+ S¯1)(m+ S1) + detC
(Q2S1)
2
(m+ S1)2
}
ln
{
(m¯+ S¯1)(m+ S1) + detC
(Q2S1)
2
(m+ S1)2
}]
θθθ¯θ¯
= − N
16π2
F¯S1FS1
[
ln(1 +
Λ2
α
)− {(m¯+ φ¯S1)(m+ φS1)− 2F 2S1 detC(m+ φS1)−2}
Λ2
α(Λ2 + α)
]
, (92)
α ≡ (m¯+ φ¯S1)(m+ φS1) +
F 2S1 detC
(m+ φS1)
2
. (93)
Here, we can check the correctness of our calculation by the examination of the mass dimension of the result (92)
by using φS1 ∼ [mass]1 and FS1 ∼ [mass]2. From the same reason discussed in the analysis of the Euler-Lagrange
equations (89) obtained by the power series expansion of detC given above, we recognize that, there is no dynamical
generation of mass in the SNJL model on N = 1/2 deformed superspace: All of the VEVs of φH1 , φ¯H1 , φS1 and φ¯S1
are zero, and the dynamical mass generation never occurs. The functional structure of our V has some similarities
with the component field expression of a generic sigma model on N = 1/2 non(anti)commutative superspace. In a
generic sigma model, the component field expression is always given as a power series of the auxiliary field F and
F¯ [16]. The case we concern here is not the same with the generic sigma model, because our V of (82) or (92) cannot
be converted into a form of a sigma model of the star products of chiral superfields, though it is the case that V will
also be expanded in terms of FS1 and F¯S1 ( an analytic function with respect to these fields ), and given in the forms
where detC is always multiplied to FS1 directly ( i.e., like the form (detC)
lFnS1 ). Due to this functional structure,
the deformation effect vanishes at the origin FS1 = F¯S1 = 0 which gives the variationally determined vacuum of our
model, hence V restores the Hermiticity in the vacuum state of our model. In the WZ model, the renormalization to
the holomorphic superpotential take place, while the nonrenormalization theorem still be kept in the anti-holomorphic
part. One of the origins of the differences of the effects of quantum radiative corrections of the SNJL model compared
with the WZ model is coming from the role of the classical SUSY auxiliary fields of composites in the one-loop effective
action of the SNJL model. In the WZ model, the tree-level potential is given by classical background (anti)chiral
superfields themselves.
It was known in literature [26-31], in the ordinary N = 1 SNJL model, the vacuum stabilization by a dynamical
mass generation can take place if N = 1 SUSY is broken by adding a non-holomorphic SUSY-breaking mass term
∆2soft(φ¯+φ+ + φ¯−φ−) for scalars. This term gives a finite vacuum energy to the theory. The situation we have
considered here is different from that: The N = 1 SUSY was broken to N = 1/2 but the vacuum energy vanishes.
The symmetric vacuum state of the theory is stable against the radiative correction, no tachyonic mode, and thus the
dynamical mass generation through the BCS-NJL mechanism of SUSY composites does not take place. It is clear
from our formulation, the inclusion of Majorana mass by setting G2 6= 0 will also give the similar conclusion.
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IV. CONCLUDING REMARKS
In summary, we have examined the nonperturbative quantum dynamics of the SNJL model on N = 1/2 deformed
superspace by evaluating the one-loop effective action in the leading-order of the large-N expansion in the superfield
formalism, which includes the infinite-order power series of detC. We have understood the structure of the N = 1/2
SNJL model with the SUSY auxiliary fields, not only by the superfield formalism, but also by the component field
expression of it. We have shown that the method of SUSY auxiliary fields of composites can be introduced to the
N = 1/2 SNJL model in the same way with the N = 1 ordinary case. By using the one-loop effective action, we have
shown that the nonperturbative quantum dynamics gives infinite number of new exotic terms they do not appear in
the ordinary undeformed case of SNJL model, and the effect of the deformation gives distortion around the global
minimum of the effective potential. The global minimum of the theory at the tree level is unchanged by the quantum
correction, and the dynamical mass generation never takes place: These new terms are not relevant for giving the
dynamical mass generation. The broken Hermiticity is restored at the global minimum of the effective potential, and
the variationally determined ground state coincides with that of the ordinary N = 1 SNJL model. It is an interesting
fact that the N = 1/2 SNJL model will choose the vacuum of the N = 1 case, thus the effect of the deformation
vanishes at the vacuum state of our model: The global minimum of the N = 1/2 SNJL model has ”effectively” the
N = 1 SUSY.
In this paper, we have introduced the N = 1/2 deformed SNJL model with implementing the star product of the
(anti)chiral superfields themselves, and our calculation has been done naively by the usual method one-loop effective
potential in the N = 1 case. One of the important remaining issues of this work is that, whether the usual method of
loop-expansion in the ordinary N = 1 case is mathematically satisfactorily rigorous also in the deformed superspace
or not. In other words, it is an interesting problem for us to construct a mathematically rigorous treatment of the
method of evaluation of an effective action in the deformed superspace. This problem might be related to the theory
of superanalysis of quantum superspace [36].
It is also interesting for us on the examination on the possible cooperation of the soft mass ∆2softθ
2θ¯2Φ¯±Φ± and
the new interactions coming from the deformation of SNJL model in dynamical mass generation. The SNJL model
with a SUSY-breaking mass spontaneously breaks the chiral symmetry, though the inclusion of the SUSY-breaking
mass will make our calculation more involved one than the results given in this paper. Another problem is the
examination on the quantum fluctuation effect of the SUSY auxiliary fields of composites, or by taking into account
the next-leading-order of the loop-expansion to obtain propagators of the collective fields, though these examination
might not alter the global minimum of V given in this work crucially. One could observe an effect of the deformed
superspace in quantum fluctuations due to the skew structure around the global minimum of the effective potential
( from an examination on the curvature tensor = mass tensor of the collective modes ), though usually, quantum
fluctuations of a theory will vanish at the large-N limit N → ∞: The effect of the deformation of superspace would
be suppressed by the (semi)classical nature of the theory.
The deformation of the superspace introduced by Eq. (1) was found in the analyses of the supergravity and
superstring theories. Here, we wish to change the direction of our consideration. One of the interesting issue for
us is to apply our method to the investigation of a nonperturbative quantum dynamics of N = 1 four-dimensional
superstring effective theory on N = 1/2 non(anti)commutative superspace. In that issue, the non(anti)commutation
relations are required from the starting point. It is well-known fact that, results of various compactification schemes
of several superstring models share generic features, and they are summarized in the following form, as a kind of
nonlinear sigma model [37,38]:
Kstring = − ln(S + S¯)− 3 ln(T + T¯ − α′Ψ¯Ψ) = − ln(S + S¯) + 3
[ α′Ψ¯Ψ
T + T¯
+
1
2
( α′Ψ¯Ψ
T + T¯
)2
+ · · ·
]
, (94)
Wstring = gΨΨΨ. (95)
Here, Kstring is a Ka¨hler potential,Wstring is a holomorphic superpotential, S is a dilaton, T is a moduli superfield, Ψ
is a chiral matter multiplet as an irreducible representation of a gauge group. If the expansion of Kstring is truncated
at the second-order of α′, the model has a similar structure of the SNJL model we have discussed in this paper.
Thus, the application of our method to the model given above in the case of non(anti)commutative superspace is
possible and an interesting issue. Because the Hermiticity was lost in the deformed superspace, this fact might affect
not only matter fields but also dilaton or moduli under both classical and quantum levels, and an effective action of
this model might have a very skew structure, while the Hermiticity might be restored at the global minimum of this
model. After integrate out Ψ and Ψ¯, an effective action will be given as a functional of S, S¯, T and T¯ ( possibly in
an infinite-order power series of detC generated by a nonperturbative quantum dynamics ). Both dilaton and moduli
fields are candidates of the inflaton. If a gravitational interaction is taken into account under a suitable ( consistent )
way, the theory of the model might give several exotic results or predictions to the structure of the universe, inflation,
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and so forth, and the predictions might relate to cosmological observations.
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